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Abstract 
Suppose G is a graph. The chromatic Ramsey number re(G) of G is the least integer m 
such that there exists a graph F of chromatic number m for which the following is true: for 
any 2-colouring of the edges of F there is a monochromatic subgraph isomorphic to G. Let 
Mn = min{rc(G) : ~((G) = n}. It was conjectured by Burr et al. (1976) that Mn = (n - 1 )2 + 1. 
This conjecture has been confirmed previously for n~<4. In this paper, we shall prove that the 
conjecture is true for n = 5. We shall also improve the upper bounds for M6 and MT. @ 1998 
Elsevier Science B.V. All rights reserved 
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1. Introduction 
Suppose F ,G ,H  are finite graphs. We use F ~ (G ,H)  to mean the following 
statement: 
For every colouring of the edges of F with red and blue, either the red subgraph of 
F contains a copy of G or the blue subgraph contains a copy of H. 
A natural question is to characterize those F for which F ---. (G ,H)  for given 
graphs G and H. This question is in general extremely difficult. Simpler problems are 
to describe properties of such graphs. One such problem, discussed by Burr et al. [1] 
is to find the smallest possible chromatic number of such a graph. 
Let (~, ~ be sets of graphs. We write F ~ ((#, 9f ~) if for every colouring of the 
edges of F with red and blue, there is either a red subgraph of F isomorphic to a 
member of f#, or there is a blue subgraph isomorphic to a member of 9ft. We define 
the chromatic Ramsey number rc(fg, ~)  of ~, 9f' to be the least integer m such that 
there exists a graph F with z(F)  = m and F ~ (f~, 9£¢). The Ramsey number r((~, 9fC) 
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is the least integer n such that K~ ~ (if, our). We shall write rc(ff) for rc(ff, if) and 
r((~) for r(fq, ff). In case ff = {G} or 9f ~ = {H}, we write G or H as an argument. 
Usually, r(Kn,Km) is written as r(n,m), r(Kn,Kn) is written as r(n). 
Let ~n be the class of all n-chromatic graphs. We shall be interested in the number 
Mn = min{rc( G) : G C 9fin}. 
This number was first studied by Burr et al. [1]. They proposed the following 
conjecture: 
Conjecture 1. For any integer n, 
Mn:(n -1)  2+1.  
It was proved in [1] that Conjecture 1 is true for n~<4. We shall prove in this 
paper that the conjecture is true for n = 5. We shall give better upper bounds for M6 
and M7. 
2. M5=17 
Suppose G, H are graphs. We call H a hornomorphic image of G if there is a 
homomorphism (an edge-preserving vertex mapping) from G to H. For any graph 
G, we denote by horn(G) the set of all homomorphic images of G. If (¢ is a class 
of graphs, then hom(~) = UG~.~ hom(G). We shall need the following result proved 
in [1]: 
Lemma 1. Suppose (#, ~ are classes of finite graphs. Then 
r~(~, 9(:) = r(hom(f¢), hom(9(¢)). 
Since hom(~)  = Jf~, it follows that for any integers n,s, rc(~rn, o,Y'~) --- r(J~rn,~s). 
It is easy to see [1] that r (~,~)  -- (n - 1)(s - 1) + 1. Therefore, for any graph G 
of chromatic number n, rc(G)>~rc(o~r~)= (n -  1)2+ 1. Hence 
Mn = min{rc(G) : G E ~n} ~>(n - 1) 2 + 1. 
Conjecture 1 above asserts that the equality holds for all n. As observed in [1], this 
conjecture is weaker than the following conjecture of Hedetniemi [6]. For graphs G,H, 
the categorical product G × H of G and H has vertex set V(G) x V(H) and (a, b) is 
adjacent to (c, b) if and only if a is adjacent to c and b is adjacent to d. Hedetniemi 
made the following conjecture about 30 years ago: 
Conjecture 2. For any integer n, if G,H are graphs of chromatic number at least n, 
then their categorical product G × H also has chromatic number at least n. 
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To see that Conjecture 1 follows from Conjecture 2, we assume that Conjecture 2 
is true for an integer n. It is easy to see that for each 2-colouring c of  the edges of 
K(n_l).~+l, there is a monochromatic subgraph of chromatic number at least n. Let Gc 
be a monochromatic subgraph (with respect o a 2-edge colouring c of  K(n-t)2+j ) of 
Kn of  chromatic number n. Let c l, c2 . . . . .  Cm be all the 2 edge colourings of K(,_ I)-'+l. 
Let G = Go, × Go2 × ' "  x Gc,,,. Then the projection mappings are homomorphisms 
of G to the factors Gci. Therefore, hom(G)D{Gc~ : i=  1,2 . . . . .  m}. Hence, rc(G)= 
r(hom(G))<~r({Gc, : i -- 1,2 . . . . .  m})~<(n - 1) 2 + 1. On the other hand, it follows 
from Hedetniemi conjecture that the product G has chromatic number n. Therefore 
M,~<(n-1)2+l ,  and hence M, = (n -1 )2  + l. 
The above argument shows that if Conjecture 2 is true for an integer n, then Con- 
jecture 1 is also true for n. Burr et al. [1] confirmed Conjecture 1 for n = 4. Later, 
E1-Zahar and Sauer [3] proved, with an ingenious argument, that Conjecture 2 is also 
true for n = 4. Conjecture 2 has attracted considerable attention [2,3,5,8-14]. How- 
ever, both Conjectures 1 and 2 remained open in general for n ~>5. We shall prove 
that Conjecture 1 is true for n = 5. 
Theorem 1. There is a graph G of chromatic number 5 such that re(G) = 17. There- 
fore M5 = 17. 
In order to construct such a graph G, we first prove two lemmas: 
Lemma 2. Suppose c is a colouring of the edges of g17 with two colours blue and 
red. I f  there is a monochromatic copy f K4, then there isa connected monochromatic 
subgraph A of K17 of chromatic number 5 such thatA contains a K4. 
Proof. Suppose c is a colouring of the edges of  K17 with two colours blue and red 
and that there is monochromatic copy of/(4.  Let R,B be the red subgraph and the 
blue subgraph of g17 , respectively. Without loss of generality, suppose that there is a 
red copy of K4. If R is 4-colourable, then given a 4-colouring of R, one of the colour 
class contains five vertices. These five vertices induce a blue/(5, and we may take A 
to be this copy of/(5. Thus, we assume that R has chromatic number at least 5. For 
the same reason, we may also assume that the blue subgraph B has chromatic number 
at least 5. 
Let X be a maximal connected subgraph of R of chromatic number at least 5. If 
X contains a copy of K4 then we take A = X and we are done. Assume now that X 
contains no K4. Since R contains a copy of/(4, we conclude that V(X) ~ V(Kl7). By 
the maximality of X, we know that all the edges between V(X) and V(K I7 ) -  V(X) 
are coloured blue. Therefore the blue graph B is connected. I f  B contains a copy of 
K4, then since z(B)>t 5 we may take A = B and we are done. Thus, we may assume 
that B contains no K4. 
If IV(X)I~>9, then since r(K4,K3) = 9 and since X contains no K4, we conclude 
that the blue subgraph on X, i.e., the subgraph of B induced by X, contains a copy of 
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K3. Then the union of this copy of K3 and a vertex in V(K17)- V(.X') induces a blue 
copy of K4, contrary to our assumption. Therefore we must have IV(X)] ~<8. 
Since X has chromatic number 5 and contains no K4, we conclude that X is not 
complete, and hence there are two vertices a,b E V(X) such that the edge ab is 
coloured blue. Since IV(K17)- V(X)I/>9, it follows that either there are two vertices 
c,d E V(KI7)-V(X) such that the edge cd is coloured blue, or we have red copy of K9. 
In the former case {a, b,c,d} induces a blue copy of K4, contrary to our assumption, 
and in the latter case, we may take A to be the red K9. This completes the proof of 
Lemma 2. [] 
Since r(K4,K4) = 18, there is a colouring of the edges of K17 such that there is no 
monochromatic K4. Actually, there is a unique such edge colouring [4]. Our next lemma 
explores the properties of the monochromatic subgraph of such an edge colouring 
of KI7. 
For a graph G, the n-colouring graph Kff, defined in [3], has vertices all the mappings 
f :  V (G)~ {1,2,...,n}, and two such mappings f ,g  are adjacent in Kff if and only 
if for every edge xy of G, we have f (x)  ~ g(Y). 
Lemma 3. Suppose the edges of K17 are coloured by red and blue, and that there is 
no monochromatic copy of K4. Let R be the red subgraph of K17. Then the 4-colouring 
graph K4 R of R is 4-colourable. 
Proof. It is well-known that there is a unique edge colouring of K17 with two colours 
such that he resulting coloured graph contains no monochromatic K4. In such an 
edge colouring, the red graph R, as well as the blue graph B, is isomorphic to the 
graph on Z17 in which ij is an edge if and only if li - J l  is one of the numbers 
1, 2, 4, 8, 9, 13, 15, 16, [4]. For each vertex f of the 4-colouring raph K4 R, i.e., f 
is a mapping of V(R) to {1, 2, 3, 4}, let i be any number in {1,2,3,4} such that 
[ f - l ( i )  1/>5 (because IV(R)I = 17, such an integer exists). We set / l ( f )  = i, and we 
shall show that A is a proper colouring of K4 R. 
Assume to the contrary that A is not a proper colouring of K4 R. Then there are two 
adjacent vertices f ,g  of Kff such that A(f)  = A(g) = i for some i E {1,2,3,4}. By the 
definition of A, there exist vertices XhX2,X3,X4,XS such that f(xl ) = f(x2) = f (x3)= 
f(x4) = f(xs) = i, and there exist vertices yl,y2,y3,ya, y5 such that g(yl ) = g(y2) = 
g(y3) = g(y4) = g(Ys) = i. 
Since f ,  g are adjacent in Kff, we conclude that xiyj ([ E(R) for all i,j E { 1,2 . . . . .  5}. 
In other words, if xi ~ yj then the edge xiyj is coloured blue. 
Let X = {xl,x2,xa,xa, xs} and let Y = {yby2,Y3,y4,ys}. If IX M YI~<I, then we 
may assume that xi ~ yj for i,j E {1,2,3,4}. Since there is no monochromatic K4, 
we conclude that there are indices i,j E {1,2,3,4} such that the edge xixj is coloured 
blue. Similarly there are u, v E {1,2, 3,4} such that the edge yuyv is coloured blue. 
Then (Xi,Xj, Yu, yv} induces a blue K4, contrary to our assumption. If 2 ~< I X A YI ~<4, 
then we may assume that xl = yl, x2 = Y2 and xs ~ Ys. Then {xt,x2,xs, ys} induces 
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a blue/(4, contrary to our assumption. I fX  = Y then {xl,x2,x3,x4} induces a blue K4, 
contrary to our assumption. Therefore, A is indeed a proper 4-colouring of K4 R. This 
completes the proof of Lemma 3. [] 
With these two lemmas, we can construct the graph G of Theorem 1 as follows. 
Let ~0 be the unique 2-colouring of the edges of KIT such that the resulting coloured 
graph contains no monochromatic K4. Let Go be the red subgraph. 
Let ~q, ~2 .. . . .  Ctm be all the 2-colourings of the edges of KI7 such that the resulting 
coloured graph contains a monochromatic /(4. For each 1 <<,i<~m, let Gi be a con- 
nected monochromatic subgraph (with respect o the colouring 0ti) such that z(Gi)t>5 
and G; contains a copy of K4. (By Lemma 2, such graphs Gi exist.) Finally, let 
G = Go x G1 x G2 x .. .  × Gin. 
We shall show that rc( G) <<.17. It suffices to show that r(hom(G))~< 17. Since it is 
obvious that Gi E horn(G) for i = 0,1,...,m, it suffices to show that r({Go, Gl . . . . .  
Gin})<<, 17. However, this follows trivially from the definition of Gi (i.e., for each 2- 
colouring of the edges of K17 there is a monochromatic subgraph isomorphic to one 
of the graphs Gi). 
To complete the proof of Theorem 1, it suffices to show that G has chromatic number 
at least 5. This follows easily from the following two lemmas, which are proved in 
[2,3], respectively: 
Lemma 4. Suppose A,B are connected graphs of chromatic number at least n and 
each of A,B contains a Kn-l. Then A x B has chromatic number at least n. 
Lemma 5. Suppose A,B are graphs of chromatic number at least n. I f  the (n - 1)- 
colouring graph K~_ I of A is (n -  l )-colourable, then the product A x B has chromatic 
number at least n. 
Indeed, by inductively applying Lemma 4, we conclude that G1 x . . .  x Gm has 
chromatic number at least 5. Since Go has chromatic number 5 and K~ ° is 4-colourable, 
by Lemma 5, Go x Gi x -.. x Gm has chromatic number 5. This completes the proof 
of Theorem 1. 
3. Better upper bounds for M6 and M7 
It follows from the definition that M. <.r(K.,K.). Therefore any upper bound for 
r(K.,Kn) is an upper bound for M.. However, this upper bound is much too big. In 
this section, we shall give better upper bounds for M6 and M7. 
Theorem 2. There is a graph G of chromatic number 6 such that rc(G)~<41. There- 
fore 26~<M6 ~<41. 
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We shall first prove the following lemma: 
Lemma 6. For any 2-colourin 9 of the edges of g41, either there is a monochromatic 
connected subgraph A which has chromatic number 6 and which contains a Ks, or 
there is a monochromatic suboraph A I which has chromatic number 6 and K~' is 
5-colourable. 
Proof. Let c be a 2-colouring of  the edges of  K41 by red and blue, and let R,B be the 
red and blue subgraphs of K41, respectively. If R is 5-colourable, then for a 5-colouring 
of  R, there is a colour class of  order at least 6. Therefore B contains a K6, and we 
are done. Thus we may assume that z(R)t>6. Similarly, we may assume that x(B)/> 6. 
We now consider two cases. 
Case 1. There is a monochromatic Ks. Without loss of  generality, we may assume 
that R contains a Ks. Let H be a maximal connected subgraph of R which has chromatic 
number at least 6. I f  H contains a Ks, then we may choose A = H and we are done. 
I f  H does not contain a Ks, then IV(H)] ~<36 and all the edges between V(H) and 
V(K41 ) - V(H) are coloured blue. Therefore B is connected. I f  B contains a Ks, then 
we may choose A = B and we are done. Thus we assume that B contains no Ks. 
I f  I V(H)I = 36, we shall show that K~ 4 is 5-colourable, and hence we may choose 
A' =H.  
Let f E V(Kg) be a mapping of V(H) ~ {1,2 . . . . .  5}. Then there is an index i 
such that ] f - l ( i ) l  ~>8. We colour f with colour A( f )  = i. We now prove that A is a 
proper colouring of  Kg. 
Assume to the contrary that there are two adjacent vertices f ,  g of V(Kg) such that 
d( f )  = A(g) = i. By the definition of  A, there exist vertices xl,x2 . . . . .  x8 such that 
f (x l )  = f(x2) . . . . .  f (x8) = i, and there exist vertices yl,y2 . . . . .  Y8 such 
that g(Yl) = g(Y2) . . . . .  g(Y8) = i. 
Let X = {Xl,X2 . . . . .  x8} and let Y = {yl,y2 .. . . .  y8}. Since f ,g  are adjacent, if 
follows that if xi # y), the xiYj is not an edge of H. Hence the edge xiyj is coloured 
blue. 
If IX A Y[ ~< 3, then we may assume that {xl,x2 . . . . .  x5 } n {yl, y2 . . . . .  Y5 } = 0. Since 
H contains no Ks, there are indices i, j E {1,2 ... .  ,5} such that xixj is coloured blue, 
and there are indices u,v C {1,2 . . . . .  5} such that YuYv is coloured blue. Let z be a 
vertex in V(Kal ) -  V(H), the five vertices {z, xi,xj, yu, y~} induces a blue Ks, contrary 
to our assumption. 
I f  IxnYI/>4, then we may assume that xl = yl,x2 = y2,x3 --- y3,x4 = y4. Similarly, 
let z be a vertex in V(K41) - V(H), the five vertices {Z, Xl,X2,X3,X4} induces a blue 
Ks, contrary to our assumption. 
Thus we may assume that [V(H)[~<35. It follows that there are two vertices x,y E 
V(K41 ) - V(H) such that xy is a blue edge. (For otherwise, we would have a red K6, 
and we may take A to be the red K6 and we are done.) I f  there is a blue K3 induced 
by three vertices of  H, then this K3 and the blue edge in V(Kal ) -  V(H) would form 
a blue Ks, contrary to our assumption. Therefore we may assume that the coloured 
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graph restricted to V(H) does not contain a blue /(3. Since r(Ks,K3) = 14, and H 
contains no/(5, i.e., the coloured graph restricted to V(H) contains no red Ks, and no 
blue K3, it follows that [V(H)I-%< 13. Therefore IV(K41)- V(H)I ~>28. 
If there is a red K6 contained in V(K41 ) - V(H), we can choose A to be this 
red K6 and we are done. Thus we may assume that the coloured graph restricted to 
V(K41)- V(H) contains no red K6. Since r(K6,K3) = 18, we conclude that there is a 
blue K3 contained in V(K41 ) -  V(H). Take a blue edge from V(H) (which obviously 
exists), we obtain a blue/(5, contrary to our assumption. This completes the proof of 
Case 1. 
Case 2. There is no monochromatic Ks. Similar to the argument in the previous 
case, we have x(R)>~6 and z(B)>~6. First we consider the 5-colouring graph of the 
red subgraph. 
Let f be a vertex of K5 R, i.e., f is a mapping of V(R) ~ {1,2 . . . . .  5}. Since 
IV(R)[ = 41, there is an integer i such that [ f - l ( i ) ]  >~9. Let A( f )  = i. I fA is a proper 
5-colouring of K5 n, then we may take A ~ = R and we are done. Thus we assume that 
A is not a proper colouring of K5 R. Therefore there are two adjacent vertices f ,  g of 
K58 such that A( f )  = a(g). 
Let X = {xl,x2 .. . . .  x9} be the 9-set such that f (x j )  = A( f )  and let Y = 
{Yl,y2 . . . . .  Y9} be the 9-set such that 9(Yj) = A(g). If X N Y ¢ 0, then we may 
assume that xl = Yl. There are two vertices xi,xj E X - {xl} such that the edge xixj 
is coloured blue, for otherwise we would have a red K8, and we would let A = K8 
and be done. For the same reason, there are also vertices Yu, yv E Y - {yl,Xi,Xj} such 
that the edge y, yv is coloured blue. Now {Xl,Xi,xj, Yu, yv} is a blue/(5, contrary to 
our assumption. 
Thus we may assume that X n Y = 0. Consider the blue graph induced by X. If 
the blue graph has chromatic number 2, then there would be a red/£5, contrary to our 
assumption. Therefore there is an odd blue cycle, say X ~, contained in X. Similarly 
there is an odd blue cycle, say Y~, contained in Y. Let H be the blue graph induced 
by X r U yr. We shall show that K~ t is 5-colourable. 
Suppose f is a vertex of K S, i.e., f is a mapping of V(H) to {1,2,3,4,5}. If 
there are vertices x E X', y E Y~ such that f (x )  = f (y )  = i, then we let A( f )  = i. 
Otherwise U(X') M f (Y ' )  = 0. In case IU(X')I ~< [U(Y')], then IT(X')[ ~<2. Since X'  
contains an odd cycle, there is an edge xx ~ of H such that f (x )  = f(x~). In this 
case we let A(U) = f (x )  = f(x') .  Otherwise I /(X')[ > [U(Y')I, and l/(Y')[~<2. 
Similarly there is an edge yy' of H such that f (y )  = f (yt) .  In this case we let 
A( f )  = f (y )  = f ( j ) .  In the following we shall prove that A is a proper colouring 
of K~ 4. 
Assume to the contrary that there are two adjacent vertices f ,9  of K5 n such that 
A( f )  = A(9) = i. Since f ,9  are adjacent in KS, we conclude that for all x E X r 
and y E Y', f (x )  ~ 9(Y) and 9(x) ~ f (y ) .  In other words, f (X ' )  N o(Y') = 0 
and f (Y ' )  fq g(X ~) = 0. If  f (X ' )  fq f (Y ' )  ~ 0 then by the definition of A, we have 
A( f )  E f (X ' )  M f (Y ' ) .  Hence A( f )  f[ 9(X') U 9(Y'). However, it follows from the 
definition that A(9) E 9(X~)Ug(yr), contrary to the assumption that A(9) = A(f) .  Thus 
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we assume that f (X ' )n  f (Y ' )  = O. Similarly we may assume that g(X ' )n  g(Y') = O. 
This implies that ( f ( X ' ) U g( X ' ) ) n ( f ( Y ' ) U o( Y ' ) ) = O. 
First we consider the case that [ f (X')  U g(Xt)[ ~<[f(Y') U g(Y')[. Then [f(X')  U 
g(X')[<2. Since f is adjacent o g in K H, we know that I f (X ' )  U g(X')[ # 1. 
Therefore [ f (X')  U gO(')[ = 2. Without loss of generality, we assume that f (X ' )  U 
g(X') = {1,2}. Suppose X'  = {xl,x2 .... ,x2k+l} and xixi+l is an edge of H for i = 
l, 2 . . . . .  2k+ 1 (where 2k+2 = 1 ). Without loss of generality, we assume that f (x l  ) = 
1. Then g(x2) = 2, because f ,g  are adjacent vertices in K H. Inductively we can show 
that f(x3) = 1, g(x4) = 2 .... , f(x2k+l) = 1, g(xl) = 2 . . . . .  g(x2k+l) = 2. In other 
words, we have f (X  I) = {1} and g(X') = {2}. By the definition of A, we should 
have A( f )  = 1 and A(g) = 2, contrary to the assumption that A( f )  = A(g). The case 
that [ f (X ' )U 0(X')[ > [ f (Y ' )U  e(Y')[ can be treated similarly (although not exactly 
the same), and we omit he details. This completes the proof of Lemma 6. [] 
Theorem 2 follows easily from Lemmas 4-6. The argument is the same as that in 
the proof of Theorem 1, and we omit he details. 
Theorem 3. There is a graph G of chromatic number 7 such that rc(G)~ 102. There- 
fore M7 <<. 102. 
Proof. It suffices to show that for any 2-colouring of the edges of K102, there is a 
monochromatic subgraph H with z(H)>~7 and which is connected and contains a 
copy of K6. The argument is similar to the proof of the corresponding part of the 
proof of Theorem 2, and we omit he details. [] 
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